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Are there any nontrivial, order-theoretical properties shared among all of the reorientations 
of the diagram of an ordered set? We know of no such property. In fact, %ve prove a theorem 
which provides some positive evidence that there is no such diagram invariant all. 
There are two graphical schemes commonly associated with an ordered set: the 
comparability graph and the diagram. The first is well understood in almost every 
respect: characterization ([%I, cf. [6]); structure theory (141, cf. [II]); orientation 
formulas ([ 151, cf. [7]); i;?Taariants ([8], [16], [l], [9], [2]). Neve 
comparability graph is really not much used in the theory of 
irony of our subject hat thz diagram, whose usage is univers 
illustrate, to find counterexamples, to prompt discovery-is 
To draw an ordered set P pictorially in the plane by 
use small circles for the elements of P and arrange them in such a way 
and y in p, the circle corresponding tox is higher than the circle correa 
y, whenever x > y and, a straight line segment is drawn to connect he, 
order relation we ca 
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Fig. 1. The diagram of 23. Fig. 2. The covering graph of a3. 
Fig. 3. The comparability graph of 23. 
The diagram is so common that we often refer to it as the ordered set itself. 
Moreover, the diagram of P is said to be an orientation of its covering graph. 
Qf course, there may be several ordered sets with the same covering raph as p. 
Each of their diagrams i  said to be a reorientation of the diagram of fi. Thus, the 
diagrams in Fig. 5 and Fig. 6 are reorientations of the three-element chain of Fig. 
4. This note is inspired by tfie question: 
Are there any nontrivial, order-theoretical properties hared among all of 
the reorientations of an ordered set? ([lo], cf. [13], [14]). I 
The number of vertices of P as well as the number of its covering edges are, of 
course, unchanged by a reorientation of p. We do not consider such properties to 
be truly order-theoretical and, in any case, they are, for trivial reasons, shared by 
all reorientations. 
Let p be a property about ordered sets, that may or may not be satisfied by 
some ordered sets. We say that p is a diagram invariant if, for every ordered set 
P which satisfies p, then every reorientation of P also satisfies p. In fact, every 
familiar, nontrivial, order-theoretical property fails to be a diagram invariant [lo]. 
(In contrast, many familiar order-theoretical properties (e.g. length, width, 
dimension, jump number, and jked point property) are ‘comparability graph 
invariants’ [9], cf. 121. In this sense a diagram invariant is actually an invariant of 
A provocative conjecture is this: 
there is no nontrivial diagram invariant at all! ([ 131, [lo].) 
ur principal result is intended as partial support for it. 
ig. 4. Fig. 5. Fig. 6 
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Theorem A Let p be a property about nonempty, finite ordered sets. If p is a 
diagram invariant wkkh is closed under finite direct products and retrac& then p 
ho& exclusively for one of these classes: 
(i) all finite ordered sets, 
(ii) all finite, connected ordered sets. 
(iii) all finite antichains, 
(iv) the one-element ordered set. 
The proof of this result depends on another which seems to be of independent 
interest. 
Theorem B. Every finite, connected ordered set is an (order) retract of a 
reorientation of a finite lattice. 
This result, in turn, can be derived from an 
graph variant. 
apparently more general (undirected) 
Theorem C. Every finite, connected graph has a subdivision which is a (graph) 
retract of the covering raph of a finite lattice. 
Pzoaf of Theorem C. Let G be a finite, connected (undirected) graph (without 
loops or multiple edges). Let S be a subdivision of G constructed from G by 
adjoining vertices vl, v2, . . . , one for each edge (.x1, yl), (.x2, y2), . . . of ‘G and 
replacing each of these edges (xi, yJ by TWO edges (xi, Vi) and (vi, yi j. This 
subdivision S is a bipartite graph with the independent sets consisting, on the one 
hand, of the original vertices of G and, on the other hand, of the new vertices 
up,, v2, l l l In fact, this bipartite graph is, at once, an orientation 3 of S, that is, a 
diagram of an ordered set. And, if we adjoin to s a bottom element 0 and a top 
“1 
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element 1, then the resulting ordered set is actually a lattice. If u1 # vu2 are 
vertices from S not both incident with a common vertex then the supremum 
u1 + vu2 =1; if vu1 and u2 are both incident with a vertex x in G then ZJ~ + u2 =x. 
Since G itself 4 bes not ave multiple edges, vl and v2 cannot both be incident 
with the same two distinct vertices of G. If x # y are vertices from G then 
similarly the infimum x l y is either 0 or v for some vertex v in S. All other pairs 
either have supremum 1, infimum 0, or they are comparable:. 
With one further modification the covering graph of ‘this’ lattice will have a 
retraction onto S. Recall, that a refmction of a graph E to the subgraph S is an 
edge-preserving map g of the vertices of L to the vertices of S such that 
g 1 S = id,, the identity map on the subgraph S. To this end distinguish a vertex of 
S, say vl and, construct a subdivision of S U (0, 1) as follows. Insert one new 
vertex on the (directed) edge (0, v,) and, for each i > 1, insert 
d,(Vl, Vi) -- l 
additional vertices each of degree two on the (directed) edge (0, Vi). (rf&, Vi) is 
the usual distance function on S, that is, the number of edges on a shortest path 
joining Vi and v,.) Similarly, for each vertex n: in G insert 
d,(v,, x) - 1 
further vertices each of degree two on the (directed) edge (x, 1). This done, we 
have constructed a lattice L’. 
Finally, the map g of L to S is defined by g 1 S = ids, g(0) =g(l) = vl and, each 
‘chain’ of remaining vertices is mapped successively to the vertices of that shortest 
path for which this chain was constructed. Thus, if 0 = a0 c u1 < a2 <. l l < uL c 
~k+~=vi, then there 3s a shortest path v~=w~, IV,, w2,..., wk, PV~+~=IJ~ in S, 
where k = d(v,, Vi), and g(Uj) = Wj* This completes the proof. 0 
eorem B. Let ii be a finite, connected ordered set. Let G be its 
covering raph. Then, according to Theorem C, there is a subdivision S of G, a 
lattice wit covering raph L, and a graph retraction g of L to S. 
We can extend the orientation P to an orientation S in a natural way. For each 
edge x < y in P there is a sequence of vertices Vi(X, y), i = 1,2, . . . , n = n(x, y), 
adjoined in S from x to y and we order it by x < v,(x, y) < v2(x, y) C l l l C 
v&, y) c y in S. Evidently, S is the diagram of an ordered set. (It need not be 
bipartite .)
ecall, that an (order) retraction of an ordered set S to a subset p is an 
r-preserving map h of the elements of s” to the elements of P such that 
the identity map on p. Note that an order-preserving map may 
tinct vertices ince, the order-preserving property requires only that 
is contrasts wit ge-preserving maps 
act of S, for we 
ise 
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Nex:, the graph retraction g of L to S can be put to account o extend the 
orientation 3 to an orientation i of Lr (which need not be a lattice at all). 
edge (x, y) in L, put x < y in L’ if g(x:r < g(y) in s. As g is edge-preserving, 
well-defined and L’ is the diagram of an ordered set. Actually, g induces an order 
retraction of t’ to s for, if K c y in i then there is x = x0 <x1 c l cxm=y, 
whzre each (q, x~+~) is an edge in L, so g(x) = g(xo) < g(q) < l l l < g(x,) = g(y) 
in S, whence g(x) <g(y). (In fact, this shows that g is a (strict) order retraction.) 
Finally, P is an order retract of s which, in turn, is an order retract of L’. Thus, 
P is an order retract of L’ which, as we assumed at the outset, has the mverillg 
graph L of a lattice. This completes the proof. Cl 
Proof of Theorem A. Let p be a property about nonempty, finite ordered sets. 
We shall identify p with its models among finite ordered sets. Let 5p be the class 
of all finite ordered sets satisfying p. Suppose that 9 is closed under reorienta- 
tions, order retracts and finite direct products. 
Assume that 9 contains just the one-element ordered set; then we are done. 
We may then suppose that there is a member of 9 with at least two elements. 
Assume every member of 9 is an antichain. As the two-element antichain is 
trivially an order retract of any antichain with at least two elements, as the 
products of antichains are antichains, and as the order retracts of these 
products produce all finite antichains, we conclude that 9 consists of all finite 
antichains. 
Assume that some member P of 9 contains a two-element chain 2. Then 
2 = (0 < 1) is an order retract of p-just map each x E p with x 2 1 to 1 and every 
other element of P to 0. The finite direct products of 2 are the hypercubes 2” aad 
their order retracts are finite lattices. (The order retracts of all direct products of 
2 are, as is well-known, precisely all complete lattices.) Then, according to 
Theorem B, we conclude that 9 contains all finite 9 connected ordered sets. If 
every member of 9 is connected then we are again done. 
Assume then that, in addition, to containing all Cte, connected ordered sets, 
some member of 9 is not connected; then the two-element antichain is a retract 
of it-just map all elements of one (connected) component to the one element 
and all the rest to the other of the two-element antichain. Therefore, 9 contains 
all finite, connected ordered sets and the two-element antichain. n 9 must 
contain all finite ordered sets. For, let P be any finite ordered set. 
P=P,+P*+*=.+Pm 
be its decomposition as a isjoint sum of connected components. 
proof. 0 
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~&cu.&~. There are several ideas behind (our approach to) the conjecture: that 
there is no nontrivial diagram invariant at all. 
The foremost is that we are (almost) completely empty-handed in our search 
for one (although see [lo]). Unlike the comparability graph there seems little 
connection between the covering raph of an ordered set and some orientation of 
it. 
Once we have a formal definition of what kind of sentence cr may be a 
‘nontrivial order-theoretical property’ then2 to verify the conjecture, we might try 
to construct a graph G and, orientations G and G’, such that one satisfies 0 and 
the other does not. That would do it. 
What is an acceptable definition of a ‘nontrivial order-theoretical property’? 
‘Nontrivial’ means that it should exclude at least such obvious properties as the 
number of vert ces or edges, or an arithmetic ombination of them, say. A 
‘diagram invariant’ should be a property that has order-theoretical character. But, 
a ‘diagram invariant’ must in a sense be independent of any order-theoretical 
quality, for it must be preserved by all orientations. In this sense a ‘diagram 
invariant’ is a property of the underlying covering raph, hence a graph property. 
To this extent he conjecture seems trivially true or meaningless! We believe the 
real situation is more subtle. 
What about the formal language we use to define an ‘order-theoretical 
property’? In fact, there are 2& classes of ordered sets which are first order 
definable and which are diagram invariants. To see this associate with each 
positive integer n a 4 the (undirected) cycle Cn (see Fig. 8) and, with every subset 
I of integers n 3 4 associate the class 9: of ordered sets whose covering graphs 
contain o (induced) subgraph isomorphic to Cn, for each n E I. Obviously, I s J 
if and only if 9, s 9’; thus there are 2% such classes of ordered sets. And, each 
one of these classes is definable by a set of first order sentences. 
We do not consider such ‘diagram invariants’ to be truly order-theoretical in
character. On the other hand, there are many familiar order-theoretical pro- 
perties which are first order definable (e.g. series-parallel [ 171, N-free [12], order 
dimension at most m [8], jump number at most m [9]). 
Our approach is to identify a property with a class of ordered sets closed under 
isomorphism and reorientation. From this viewpoint we can assign an order- 
theoretical character to a property by insisting that the corresponding class is 
Fig. 8. Fig. 9. 
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closed under an appropriate order-theoretical construction. Order retracts and 
direct product; are fundamental order-theoretical constructions {cf. [3]); thus, the 
assumptions of Theorem A provide a natural starting point. 
At the same time we do not consider Theorem A the solution to the 
conjecture. This is especially clarified by our proof of it which consists in 
tampering with the covering graph of an ordered set-just as soon as it is 
presented. The point is that the covering raph is not a subgraph of a subdivision, 
yet, as our construction illustrates it is an order retract. By altering the edges we 
are in effect ampering with the input. 
Theorem B and Theorem C are independently interesting. We cannot, for 
example, improve Theorem C to this: every finite, connected overing graph is a 
graph retract of the covering graph of a finite lattice. The simple reason is that 
there are finite, connected covering raphs which are not induced subgraphs and 
not even subgraphs of the covering raph of any finite lattice. See, for instance, 
the covering raph illustrated in Fig. 9. What are the graph retracts, the induced 
subgraphs, or the subgraph; of the covering raph of a lattice? What is the full list 
of critical graphs which are not subgraphs of the covering raph of a finite lattice? 
For that matter, what is the full list of the bipartite ones with respect o subgraph 
containment? 
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